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ABSTRACT

The current status of computational capabilities for calculating viscous-

inviscid transonic flows other than the solution of Navier-Stokes equations is

presented. Techniques for solving transonic inviscid flows and compressible

integral boundary layer methods are reviewed, and systems for strong viscous-

inviscid interactions are described. Generally, the transonic viscous-inviscid

interaction is characterized by a subcritical boundary layer with a supersonic

outer stream. The thickening boundary layer produces a pressure rise which

causes further thickening of the boundary layer. The physical flow is best

modeled by direct coupling of the viscous and inviscid systems to allow

immediate interaction between the shock wave and the boundary layer. It

appears that the method of integral relations for the outer inviscid flow,

combined with an integral boundary layer scheme, possesses such a capabil-

ity. To facilitate the computation, an hybrid approach to the transonic

inviscid solution, which consists of the finite difference method for solving

the overall transonic inviscid potential flow field and the method of integral

relations for solving Euler's equation in the shock region, is suggested.

Finally, the application of the steady two-dimensional methods to the quasi

two-dimensional problem on axisymmetric stream surface of a cascade flow

at transonic speeds is discussed.
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I. INTRODUCTION

Recent advances in numerical techniques have provided a powerful tool ill transonic flow

research. A complete full potential flow solution is now attainable in a matter of minutes by the

finite difference relaxation scheme. Even a fully inviscid (nonisentropic) solution can be deter-

mined numerically by the unsteady finite difference approach at the cost of large computer time

or by the method of integral relations with certain iterative procedures. The real transonic flow

problem, however, is complicated by the viscous effect. The strong viscous-inviscid interaction

caused by the shock wave thickens the boundary layer rapidly, and the flow eventually separates
from tile sutrface.' -6 In such cases, the surface flow properties cannot be specified in advance, as
in the usual formulation of boundary-layer theory, but are determined by interaction of the
outer inviscid flow and the inner viscous flow near the surface. This has been referred to as the

transonic viscous-inviscid interaction problem.
rhe problem of the viscous-inviscid interaction in the transonic region is complicated by the

fIact that the inviscid flow field is governed by mixed elliptic and hyperbolic partial differential
equations for a compressible fluid flow. Because the major portion of the flow field is of the
elliptic type, the velocity at the edge of the boundary layer at any location depends on the com-

plete displacement thickness distribution. At the same time, the solution must satisfy the con-
straints characterized by the inviscid supercritical flow -the regularity condition at sonic points.

The complete solution, therefore, involves tedious iterative procedures. Some advances in the

area of laminar viscous-inviscid interactions at transonic speeds were made by Macormack,7

Klineberg and Steger, 8 Brilliant and Adamson, 9 and Tai. 10 Although the laminar flow yields an

adequatc model for assessing the basic mechanism of the strong viscous-inviscid interaction proc-
ess, flows of practical interest at transonic speeds are turbulent because of high Reynolds number
conditions. Theoretical treatment of the transonic turbulent viscous-inviscid interaction is fur-
ther complicated by the turbulence. In the past several years, remarkable efforts have been

devoted to the topic. The problem has been treated with various levels of assumptions. 11 " 18 In

most cases, however, theoretical considerations were limited to weak shock conditions. The
problem of strong viscous-i nviscid interaction at transonic speeds was discussed by Kiineberg and

Steger,8 and Tai.10.15

Generally, the problem of transonic viscous-inviscid interaction is best described by the
Navier-Stokes equations. Because of extensive computer capacity requirements and other nu-
merical problems, a complete Navier-Stokes solution for the subject problem still seems to be
some time in tile future. 19 Researchers will continue for many years to rely on other procedures
to adequately account for the viscous effects. Among various techniques, the coupling of a valid
transonic inviscid solution with an integral boundary-layer method seems to offer an adequate
approach to the problem.

In the present paper, therefore, a review of both transonic inviscid solutions and the integral
boundary-layer methods will be presented in Sections II and Ill. Because the review will not be

exhaustive to cover such a field of phenomenal research activities, emphasis will be placed on

prediction methods, either viscous or inviscid, which are adequate tor handling the subject of

2



viscous-inviscid transonic flows. In Section IV, the problem of transonic viscous-inviscid inter-
action is described and calculation procedures are presented along with some theoretical results.

Finally. the application of the methods developed for flows around airfoil to cascade flow prob-
lems is discussed.

II. REVIEW OF TRANSONIC INVISCID FLOW SOLUTIONS I'
Theoretical methods for solving the transonic inviscid flow have been advanced substantially . -i

in the past ten years. Because of the nonlinear nature of the flow equations, virtually all the
I-'

solution procedures have been developed numerically. Solutions are achievable only with the aid
of high speed computers.

1. BASIC FLOW EQUATIONS

The basic system of equations that govern an inviscid compressible fluid flow, without body
force, is:

Continuity ap=0 ()=
D-q +Iq = o I

Momentum D +V = (

Entropy T D- Dt" + ( L3)
DtDt Dt p

where

p = static density, P = static pressure, q = velocity,
t = time, S = entropy, T = temperature,

e = internal energy. V

Eq. (3) can be used to compute the rate of change of entropy of a fluid particle associated with
the shock wave in a supercritical flow.

For regions prior to the shock wave and the far field, the changes of state of the fluid par-
ticle are isentropic

DS1  0 or SI = Constant (4)

)t I
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Instead of the energy equation, therefore, a simpler isentropic relation may be used

For regions following the shock wave, where the fluid has a finite increase in entropy (or a

decrease in the total pressure). the isentropic relation applies along a streamline

P0 O exp C (6)

where subscripts I and 2 denote states before and after the shock wave, and o, the stagnation
value. cv is specific heat at constant volume.

The change of entropy (S2-Sj ) is normally small for transonic flows. However, because of

the corresponding change of the downstream conditions, it may influence the location of the

shock Wave and thus alter considerable portions of the entire flow. Nonetheless, the flow behind

the shock wave is still isentropic along a streamline. The new isentropic relation, however, must

be based on a new entropy level which is slightly higher than its freestream value. The new

entropy level differs from one streamline to another because the shock strength encountered on

each streamline differs. Therefore,

S, * Constant (71

Because of the current status of numerical solutions for transonic viscous-inviscid inter-

action flows, the present paper will cover only two-dimensional, steady flow conditions. A brief'

discussion on the application to the unsteady, three-dimensional flow associated with turbo-

machinery will be given in Section V.

a. Full Inviscid Flow Equations

For two-dimensional, steady flows, the preceding system of equations reduce to the follow-

ing form in Cartesian coordinates (x, y):

a (pu) (pV)
U+ 8)ax ay

au au I P

I- - l(9),1• -"i4



r+ 
.v

3V 3v I al)f 0

S(x + V T10

Po )Y xp (2 Si)I

where t1 and V are velocity components and note that SI = constant and S-, constant.

b. Full Potential Flow Equation

If the entire flow field is assumcd isentropic, the flow is everywhere irrotational. The veloc-

it' is related to a potential Lunction. (I). as

Ui  - - grad 1 (12)

The exact equation for the potential function for two-dimensional compressible flow call

be written in Cartesian coordinates as

_ + 2 p + (a2 _ 2) = 0 (13)
x xx  x y xy - yy

where

2± 32(I a2 14
a xx 3 2 'X> aXy

and a is the speed of sound. Eq. (13) is elliptic if the local Mach number M < I and hyperbolic

it NI > I. ['hus, Eq. (8) through (II) are reduced to a single differential equation. Eq. (13).

Once the solution is found, the velocities are calculated from Eq. (12). Eq. (13) is valid only in

cases with weak shock waves where the change of entropy can be neglected. By definii .of ito-

irrotational flow, there is no transonic wave drag.

c. Small Disturbance Equation

Further simplification of the equation system is to assume tie perturbation velocities being

small, resulting in the transonic small disturbance equation

:.,~ M2 Of + H)
1 ) oxx + 0yy -M (I (I5)
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%here 0 is tie perturbation potential function and other symbols have usual meaning.

The validity of this equation, of course, bears directly on the assumptions made, i.e., weak

shock waves, thin airfoil at small angle of attack. And again, there is no transonic wave drag.

In all tile foregoing systems, the viscosity is commonly neglected. The problem in coupling

the viscous solution will he discussed later.

2. NUMERICAL SOLUTIONS

For convenience of discusSion, numerical methods for the transonic inviscid problem can

lie classified into (a) finite difference method, (b) method of integral relations, (c) hybrid meth-

od. I d) finite element method, and (e) integral equation method. A brief review of these meth-

ods is presented below.

a. Finite Difference Method

The finite difference techniques for solving the transonic flow equation were introduced

earlier by Emmons in 194820 using central differences in the subsonic region and upwind differ-

encing in the supersonic zone. The technique was greatly improved by Murman and Cole21 along
with a successive line over-relaxation scheme. Through subsequent improvements in the area of

different operators--2 -24 and suitable and faster relaxation schemes, 2 5 -28 the method has been

highly developed for solving the full potential flow equations, as well as the transonic small-

disturbance equations. Survey papers given by Yoshihara29 and Bailey 30 summarizing early

work in the use of the finite difference method and those of Jameson, 3 1 Murman. 3 2 and

Ballhaus. 3 3 cover techniques implemented in the current widely used codes -such as those by

Bauer et al.. 34 Jameson. 25 and Carlson. 35

To illustrate the finite difference scheme in solving the transonic potential flow equation, a

comprehensive discussion is given by Murman. 32 For simplicity, however, the approach is easily

understood with reference to a Cartesian coordinate system. For this reason, the analysis devel-

oped by Carlson 3 5 using Cartesian coordinates is summarized below.

The full potential flow equation, Eq. (13). can be recast into the form of a perturbation

potential ¢

0 2 - u 2 ) Ox x
- 2UVOxy + (a 2 -V 2 Oy y = 0 (16)

where U and V are given by

U = )x= qo(cosa + ox

(17)
V = 4)y = q((sinla + 0y}
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along with boundary conditions of velocity normal to the airfoil surface being zero and a veloc-

ity potential satisfying field behavior at infinity. I

To incorporate the coordinate stretching in the physical plane and to avoid computational

problems in the supersonic region, the potential flow equation is further arranged as

( )r
I - S + NN =0 (18

where

2ss [ t)t + 2UVfgtI + V2g(g ]
(19)

=NN q IV2fo) - 2UVfg¢tIr + U2g(gOr7l]7

The S and N denote the vector parallel and perpendicular to the local velocity, respectively, and

f and g are functions relating the Cartesian coordinates (x, y) and stretched coordinates (.ir),

respectively, as

dt g  d y (20)

The finite difference expressions with reference to a mesh system shown in Fig. I are, for

example, for contributions to ONN when q2 > a2 :

Tt2 = 't + V (O + , j - _, (- '/2 . (21

For contributions to OSS when q2 > a2 and V > 0

f O ) = f i - -/ , ( ij - i - I j )  - f i - 3 1 2 ( 4 i - I , j - - 2. j )  ( 2 2 )

I



These equations are so-called upwind difference formulas for supersonic points. For the

subsonic region, a central differencing scheme is employed, for example,

)= V+ 0 i+ I, -(fi + + fi ) + (1-) (23)

+ fi - 01 -1, j

where the relaxation factor w has been incorporated into the difference formulas. When these

expressions. Eqs. (2 1 ) through (23), are substituted appropriately into Eqs. (18) and ( 19) or
Fq. (1 6), the result is a tridiagonal system of equations that can be solved for the current values

of the function 0 column i. Numerical stability is achieved by the incorporation of both old 0
and liew P+ values into the finite difference formula and the inclusion of time-like derivatives
in the relaxation process. The result obtained by Carlson's code 3 5 is very close to that using
the Jameson code,25 see Fig. 2. Other applications of the finite difference method were re-

ported elsewhere.
36i .37

An important feature in formulation of difference equations is the consistency condition

with the original partial differential equations. Murman2 2 discussed the topic in great detail and
classified the difference equations for transonic flows into fully conservative form and not fully

conservative form (or quasilinear form). Fig. 3 shows the difference in computed results using
these two forms. It is observed that the nonconservative form yields a weaker shock wave but
located slightly more upstream than that determined by the fully conservative equations.

Murman has pointed out deficiencies in using the nonconservative formulas. Nonetheless, the
nonconservative system is preferred by most users because of its better correlation with the

experimental data. Tai38 remarked that the momentum deficiency resulting from the non-
conservative form has similar effects on the strength and location of the shock wave resulting
from the total pressure deficiency aft the shock caused by the entropy rise across the shock wave.

It will be further discussed in the next section.

b. Method of Integral Relations

The method of integral relations (MIR) provides another avenue to the solution of transonic
flow problems. Previous applications of the method to transonic flows past airfoils include those
by olt and Masson, 39 Melnik and lves. 4 0 Sato, 4 1 and Tai4 2 for various flow conditions in the
transonic regime. A review of the method in transonic flow is given by liolt. 4 3 The main advan-

tage in using MIR is its ability to solve the full inviscid flow equations directly; thus the assump-

tion of isentropic flow is not necessary.

In the numerical solution, it is convenient to write equations in nondimensional form
normalized by freestream values. Therefore, the full inviscid flow equations. (E-qs. (8) through

I ). are recast as

8



a (pU) a (pV)Con til Ili - 0 (24)
Contiuityax ay =

aIi x-Mloiienttiin i
x(KP+pU 2 ) + -(pUV) = 0 (25)
ax ay

y-Momentun (pUV) + -y (KP + pV 2 ) = 0 (2)

P = p 'expl - (271

where K = I/(M).

The boundary conditions are as follows: at the airfoil surface, the normal velocity com-

ponent equals to zero, i.e.,

qnl = 0

and at infinity, the flow is undisturbed, i.e.,

p=p=U= I
V =0 0'

Briefly. in applying the system of flow equations must be written in divergence form

a a
A (x,y, U....) + "-B(x.yU. .... ) = Q(x, yU) (28

The divergence form of Eqs. (24) through (26) may then be integrated outward from the airfoil
surface (but not necessarily normal to the surface) to each strip boundary successively at some x
station. This procedure reduces the partial differential equations to ordinary ones. To perform
the integration, the integrand is approximated by interpolation polynomials. for example A, by

2 a k (x)(Y Y)k (29)

k =0

91111i 6 11 wt i1



the number oh strips

o x) = constants eva lua ted atI strip boundaries
= he location o I t he base strip bou~ndary.

lIn prinLipie. tile actuLal h'owk variat ion mlay be represen ted more closely by anl increasing number
o t tri ps.

Using a1 basic seconld-order approximation for FIq. (2")), the method canl be impleimented
xk ith Iiup to live or six strips f'or desired accuracy. Thle process is illuIstrated inl Fig. 4. The idea is
to t rea t the w hole in tegrat ion domainl as a series of' d iffterentI et'thct ive regions: a small numbe r ofI
strips may be used withinn each region. Three effective regions are designated by strip boundaries
t)0. 1 (.a, 1b C ). and i.~) In eacth efftective region, thie llowf'ield is divided in to two strip~s

and approximated inl thle usual Way by a second-order polynomial. The MlIR is first applied to
hle b)oundaries ~.v.~with tilie purpose of' determining the shape of a streamline 7? and blow con-

tlit ions along it. Oil tilie uppermost bouLndary , f'reest reami condit ions are assumied to apply.
Seconldly. M IR is applied along b)oundaries a, 1), and c to determine conditions along a streamline
b), closer to the profile. Finally. MIR is applied in the disturbed part of the field along the
boun1"daries 0, 1 .and 2.

Thie reSUlting ordinary differential eqluations take on the form along boundaries a and b, for
example

LIU a

d x Y, (xyUa. Va . ... 0

(IV a- (xyU V(
dx Y- Ua' Va31A

dub

dIx axyLJ Va- . 32)

(xI g,(XY, U a, V,. ) (33)

Pa (34)C
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pa pIX)(35) *
*'\Cvf

(, -s1
I'f I I(37

C- +

I lie set of I (is. 13 1i throuigh (34) a.re then solved by fihe fourthi-order R unge-Kutta scheme.
I ~I II su i 01% obfarned by inlitial value techniques associated with a two-point boundary-value

prohieni For the f~oA over a lif'ting airfoil, the complete solution proced ure consists of iterative
processes for handling thie regularity condition at the saddle point (sonic point) f'or determining
the shock location and for entforcing the Kutta condition.

The met hod allows the e xact Rankine-Ilugoniot relations to be applied at the shock f'or
determiinig the flow properties a ft of* thle shock

ofy+ I)M

p If (L + y j-

II
Fhe chiange of en tropy is obtadinedL in terms of P, and p-,

S,-t= C v In (40)

where S, varies From one streamline to the ofther.

Figs. 5 and 0 show typical results obtainedL by thle method of' integral relations. These
figures are taken from ,,,i42 a 1id include data from Magn us and Yoshi hara ±4 St ivers.,45

(;aranbedian Mnd Korn Y4' K rupp and M urian. and Kacpirzynski et al .4 Reasonable agreements



between the theory and experiment were achieved except in the neighborhood of the shock

% ave. The disagreement there is attributed to a viscous-inviscid interaction between the shock

wave and boundary layer. Note the effects of change of entropy (Fig. 5) and of the shock angle

Fig. 6) were explicitly evaluated. The increase in entropy corresponds to the decrease in total

pressure. 4 9 Physically, tile change of entropy creates vorticity behind the shock wave; it has a

cumulative effect in the far downstream and consequently feeds back to the shock itself.42 In

the casL of a finite increase in entropy across the shock wave, it was found that the shock

strength was weakened and the shock location moved forward. It has a similar effect of the

momentum deticiency of the nonconservative form in the finite difference method, although

their mathematical bases are completely different.

c. Hybrid Method

rlhe finite difference scheme and the method of integral relations for solving the transonic

flow problems offer different kinds of advantages and disadvantages. The former is well devel-

oped, and easy for the user to implement; it is limited to the isentropic flow assumption (weak

shock wave assumption)* and suffers mathematical inconsistency of the nonconservative formu-
Ia. For the method of integral relations, on the contrary, the situation is opposite. It solves

Euler's equation with a small computation requirement; but because of the multiple iterative

processes involved, the whole solution procedure cannot be automated without man-machine

interactions. To take advantage of the both and yet avoid their shortcomings, a hybrid method

combination of the finite difference method and the method of integral relation appears to

offer an unique capability for solving transonic flow problems with shock waves.
The central idea for the hybrid method proposed by Tai, is illustrated in Fig. 7. The overall

mixed flowfield is governed by the potential flow equation except the shock region. In the shock

region and the region downstream of the shock, the flow is governed by Euler's equation that
allows entropy change, creating the transonic wave drag. First, the potential low equation is
solved by the finite difference relaxation procedure. The flow properties so calculated are valid

tip to the boundaries of the shock region marked by solid dot,, in Fig. 7. The values at these

boundaries are then taken as the initial condition (those along the normal line) and the boundary

condition (those along the streamwise line) for the numerical solution by the method of integral
relations. In so doing, the major difficulty in treating the saddle point (sonic point) regularity

condition associated with the method of integral relations is avoided and, therefore, in general.

the procedure can be fully automated.

The concept is now being developed into a complete numerical procedure.

*The finite difference approach using Euler's equations has been developed using unsteady techniques44 with
extensive computer time and storage requirements.
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d. Finite Element Method

The US of tlie finite element method in transonic flows is relatively Ilew. A few references
can be found in the literat Lure.50" 1 Because of problems of hypcrbolic behavior, the work has
been limited to the small disturbance equations.

The following brief discussion of the method is taken from ('hall and Brashears.5O

In using the finite element method, the transonic small dist urhance equation,. ( 15). is
rewritten as

xx + Oyy = f (411

where

f [ + M2fI+t0]0O 14-,

along with appropriate boundary conditions

(ill = 0 on the airfoil

V 0 = 0 at infinity

Using Galerkin's weak form, Eq. (41) is then transformed to

[ffNi (Nj,x +Njyy)dxdy] ,j-ffNi fdxdy = 0 (43)

In Eq. (43): Ni and N, represent the shape functions. O.'s are the unknown parameters, the
indices i and j run from I to the total number of unknown parameters, and the integrations are
to be performed over the entire domain under consideration.

Upon integrating by parts. there results

Sij0 = (44)

where

Sij = ffNi.x Nj1 x + Ni,y N oy)dxdy 1451

and

L N00 ff i[ + M 2 (1 + yf) N 0k] VxO dy(41L, = N1 --Tds WjjN( kx N 0 dxdy (4(i
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I lit- originl t Irainsoi c problemI is, thius t ransformied in to a system ot algebraic eq uations in the

S* 011 -I (47)

v.UL her Is theL n11 step solution and L" is the load matrix evaluated by using the previous

NOlui 00 I q (47) is to be Solved Subjiect to certain prescribed] convergence criterion.

I- g. ' ho"s siiiple resuilt of' the finite element method for a supercritical flow past an

\AC(A %4 \00o Mitoil taken from Ref. 50. Using aI triangular Cubic element with 136 modes.
tlie .ircmi e citheoryr Mnd experimient 5- is only qualitative. Generally, the method

uuider-predik Is th l ow beflore the shock wave. Comparison between the finite element solution

Aid I lie ti iii1t di ftlmence sohltion of a transonic flow is made by l-lafez et al.,5 as shown in Fig. 9.
\V.a1ii th le fili CI C elCIi I method sem"s to underpred ict the flow near the leading edge of thle air-

toi V Ltiu5 a ls or Impro ving the finite element method in handing thle mixed flow region

JIiid C\xIS11 tenio to1 m111 i Im pttiAl HOW eqlUations have been discussed in Re fs. 50 and 51.

e. Integral Equation Method

As oppose-d to the aforenmentioned methods, the integral equation method has been re-

garded a-, a Sc Man umnerical mnet hod in the sense that it employs analytical functions for represent-

Ing the integrand . Hlie integral equation was derived by Oswatitsch53 thirty years ago for the

~OlUt ion of' tht' transon ic smiall-diSt urbance equnation. The method was further explored by

iGillirand .>4 Spreiter and Alksne . and Norstrumd. 56 The integral equation miethod requires

least numerical work. ']he disadvantage of' thle miethod is the difficulty in achieving anl adequate
field integral for approximating the complicated mixed flow field. Nixon 57,58 suggested that the

uc of'thle in tegral eq nt ionl Mie t hod can be im proved considerably by applying the lielId
in tegld in regions it strips which divide thle entire flow fineld. T he accuracy of the integral can

be int reased si miply bN, increasing file niumber iif'strips. Thbe computational region can he. there-

fore. cmxended to -ininiiity" withlout initroduncing further ii iiric~al comiplexity. Fig. 10 shows
so0111C t IpmCA resulIts obtained by using thle extended initegral equaLtionl met hod .
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III. REVIEW OF INTEGRAL BOUNDARY-LAYER METHODS

1. LAMINAR FLOWS

a. Laminar Boundary-Layer Equations I

The governing equations for a compressible laminar boundary-layer flow in coordinates
parallel and normal to the surface (s, n) are, with flow properties normalized by their freestream
values.

Continuity a (pu) a (pv) (48)as all

aum aum dP I a r au 1s-Monlentum Puy + pv = - K- + Z- - (49)
as a1 ds pV~c a n L

where c is the chord length of an airfoil.

The boundary conditions are as follows: at the surface, u= v 0: at the edge of the
boundary layer, u = Ue(s)

b. Klineberg-Lees Method

The method was originally developed for analyzing the supersonic viscous-inviscid inter-
action problem.59 Basically, the compressible flow equations, Eqs. (48) and (49) are trans-
formed into an equivalent incompressible form by means of the Stewartson transformation. 60

The velocity profile based on an incompressible similarity solution can, therefore, be used in the
integral approach. The resulting partial differential equations in a transformed incompressible
plane, along with the equation for the rate of change of mechanical energy, i.e., the moment of
momentum, are then integrated across the boundary layer from n = 0 to 6. In performing the
integration, the parameter a is employed to denote the velocity profile for both attached and
separated boundary layers. Profile quantities are then defined as functions of a.

The resulting ordinary differential equations are

d s =Fl (6i a, Me) (50)

da
ds = F, (' a, Me) (51)
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_F (8*.a M,) (52)

6 boundary layer displacement thickness

a =profile parameter
me= MaIch number at the edge of boundary layer.

Functons F F, ad F lepend onl variables 6. a, M and intermediate parameters

3 i i

dskFd F i , , Me)(2

1I, J. Q, R. and Z, which have been defined as functions of a in Retf. 59. Curve-fitted poly-
noials based onl thie similarity solution of the classical boundary-layer theory, are given in Ref.
i9) tor attached and separated flows, and in Ref. 61 for wak-reverse and wake-forward flows.

I.<

The original ordinary system given by Ref. 59 has a temperature parameter. To simplify the
discussion, it has been excluded in the above system for adiabatic flows.1 0

The basic features of the method are that (I) the boundary-layer properties depend on the
variable a. which directly describes the velocity distribution, and (2) the velocity at the edge of
tlhc boundary layer is treated as a dependent variable, rather than a given quantity as in the con-
ventional boundary-layer approach. The static pressure can, therefore, be determined by the

interaction between the outer inviscid flow and the inner viscous layer near the surface. Such
an arrangement allows direct coupling of the viscous system with inviscid equations for handling

the viscous-inviscid interaction problem to be discussed later.
Fig. I I shows the results of a typical computation for an adiabatic now by the Klineberg-

Lees method. The two solutions represent interactions beginning in the weak-interaction zone
for both a finite and a semi-infinite fiat plate. It is evident that a small change in the perturba-
tion value can generate very different integral curves because of the high degree of nonlinearity

of the equations in the subcritical region. The weak interaction solution corresponds to the

conventional boundary-layer formulation, i.e., the Me is "impressed" by the inviscid solution

rather than calculated by the viscous-inviscid interaction. Note that the boundary-layer dis-
placement thickness rises drastically due to the strong interaction.

2. TURBULENT FLOWS

a. Turbulent Boundary-Layer Equations

The governing equations for a compressible, adiabatic, turbulent boundary layer in coor-
dinates parallel and normal to the surface (s, n) are with flow properties normalized by their

freestream values,

1



Continuity (l ) + LpvL) 0 (53)

adu aI+ dil L a us-Momentunl Pu- 5- + pv = - + p V n(54n

where 3 is an eddy viscosity parameter.

The boundary conditions are as follows: at the surface, U = v 0. At the edge of the
boundary layer, u = UelS).

b. Kuhn-Nielsen Method

In the Kuhn-Nielsen method,12 the above equations are transformed into incompressible
plane (Q, 7") with the aid of the Stewartson transformation 60 along with the assumptions that the
viscosity varies linearly with the temperature and that the Prandtl number equals unity. The
velocity profile in the transformed plane used in performing the integration across the boundary
layer is

7' ur 12.5 l1 (i+77) + 5.1 - (3.39r++5.1)-0377+ (55,

+ oul, I-Cos -R1

where

UO wake velocity
1r T friction velocity

It is composed of an inner part, consisting of a laminar sublayer and the law-of-the-wall function,
and an outer part, a wake function. It is a modification of Cole's law 6 2 with a laminar sublayer

added.
The eddy viscosity model used in the Kuhn-Nielsen method is an extension of the two-

layer model. For attached flow, the inner layer is represented by an expression given by
Kleinstcin .63

I + 0.0533 4u +0.41 + 0.5 .41 o)2j
=  I'I + 0 1 (5.
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In the outer layer, the ('lauser expression along with an intermittency function of Klebanof t 6 4

is employed

0.0 3 + 0.00 8 e-16*/t w )( dP/dt)/ 15
0.013 +0.08

[F st f+5.5() e (

|:or separated flow, the entire profile is based on a form given by Alber 6 5

0.013 Ue 5*Re.
(58)

1+ 5.5 ( )6]

There results two ordinary differential equations

du d6 dUe
A 11 d+ 12 x +A 13 dx LlILlUe (59)

du r d 6 d U e _ 6
A, -+ All A2 3 +-Uydy (60)

dx -- Ue 2 J
0

Swhere All through A, 3 are defined in Ref. 12. The dependent variables are ur. 6. and U.. In

the computation. Ue is prescribed except in the region near separation, Lr is prescribed, and Ue
is calculated.

The results of a typical calculation for the flow over a bump at transonic speed are shown in

Fig. 12. The viscous and inviscid solutions agree within one percent. For comparison, the meas-
tUred ,* and separation point are also shown. The calculated pressure is slightly higher than

the experimental data. 6 6 The predicted b* is in excellent agreement with the data upstream of

the shock wave. The theoretical h* for the converged strong interaction solution downstream of

the shock is slightly lower than the experimented value probably due to the uncertainty in spec-

ifying the boundary-layer conditions downstream of the shock. More thorough analysis of the

local shock-boundary layer interaction is needed to improve this aspect of the calculation and to

handle the case of separation right at the shock.
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c. Nash-Macdonald Method

Trhe N ash-Ma.cdonaild met hod67 is a semi-emipirical formula for the solution of' the momeni-
tumi thickness. (r-, in the in tegralI ho undary-la yer eq nation giNVn by von Karani

0(- d1U TW
- 1 + (l M )- - (Ola)dix e Ilie d x ,PLJ2

wvhere thle skin friction is determined by

[Ii 2.47 11 In IF u + 4.7 (61lb

171-4
+ 1 .5(; + 10.8

G2 + 200

Quantities FC. FR, and G are tun~ct ions of' thle NIaCh number at thle edge of' boundary-layer and
canl be found in Ref. 67. The application of' the method is straightforward. Some typical reLIilth
are shown in Fig. 13 along with other theories 8 M-70 and experimental data.7 1

d. Stratford -Beavers Method

Similar to tle foregoing method, semi-empirical form ulas for calculating compressible
turbulent boundary-layers were developed by Stratford and Beavers. 72 The formlulas for the
mome1C~~ntu and the boundary-layer displacement thickness are
F-or freestreami Reynolds numbers of the order of' 106.

0 = 0.036 ( +_ s Re(62)

6 * = 0.046 ( I + 0.8m ).44 s Re,- 1/5

For freestream Reynolds numbers of' the order of' 17

0 = 0.022 (1 + 2)0 s Re ((,3)

P* = 0.028 (I + 0.M 0.}44 s R /
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Where

s = -fwdt (64)
o 4

W (65)

s UC  a 0  sM e
R V V,, (I +0.2M 2  (66)

lhe suffix o refers to stagnation. The quantity w is tile exponent in the viscosity-temperature

relation p c T'. a reasonable value for w being 0.75, except at very high temperatures, where

= 0.5.

I'he results of tihe shape factor 6"/0 found by Eqs. (62) and (63) compare fairly closely to

that o a 1/n th pow er laN. where n = 7 and 1) (see Fig. 14).

IV. TRANSONIC VISCOUS-INVISCID INTERACTIONS

1. DESCRIPTION OF VISCOUS-INVISCID TRANSONIC FLOWS

The schematic of the transonic viscous-inviscid interaction over an airfoil surface is repre-

,ented in Fig. 15. The embedded supersonic region of a supercritical flow has to be terminated

by a shock wave to bring the downstream flow back to the subsonic state, and the shock foot is

smeared into a series of compression waves as a result of viscous-inviscid interactions. The

presence of an adverse pressure gradient due to the compression before the shock usually causes

the boundary layer to separate from the surface for either laminar or turbulent boundary layers.
Ilowcer, the flow behavior near the shock differs considerably, depending on whether the

boundary layer is laminar or turbulent ahead of the point where it meets the shock .3 The pres-

sure rises more rapidly for turbulent than for laminar layers, 3 ,4 while the displacement thickness

of the boundary layer increases considerably through tile shock. more so for laminar than for

turbulent layers. 2 Reynolds number has a strong effect oil the interaction in the case of laminar

boundary layers but almost no effect for turbulent flows. 2 .4 In any event, tie basic features of

boundary-layer thickening and pressure rising are common for both layers.

Beyond the separation point, the boundary-layer flow is divided into two regions by the

dividing streamline.7- 75 The flow above this streamline includes all the fluid contained in the

boundary layerjUsf upstream of separation. Below this streamline, the flow yields a separated

pattern with reversed profile near the wall. rwo kinds of separated-flow pattern have been ob-

served by Pearccy et al. 5 for turbulent boundary layers. One deals with a local separation bubble

caused by the shock : the other is involved with rear separation and depends on tie magnitude of
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the pressure gradient approaching the trailing edge and oil the upstream history of tile boundary

layer.

The pressure rises continuously in the subsonic portion although its gradient decreases

steadily after the toe of the shock.5 This feature difters from that of a supersonic free inter-

action in which the incident shock is reflected as an expansion fan which turns the flow toward

the surface and thus cnahles the reattachment of the boundary layer. In tile transonic case,
however, the shock is an embedded one which serves as part of the compression process of the

flow over the rear of the airfoil; whereas, the boundary layer, especially the laminar one, does
not have sufficient energy for reattachment against continuous adverse pressure gradients and,

therefore, remains separated all the way toward the trailing edge (see Fig. 16).

The mechanism of turbulent viscous-inviscid interaction differs from that of laminar inter-
action. In the turbulent case, when the flow enters the strong interaction zone. it turns away

from the surface in response to a rapid separation bubble growth, triggered from the toe of the
shocksee Ref. 5. For the latter case, the compression before the shock is fairly long and smooth

and involves no rapid change in the flow angle at the edge of the boundary layer; see Fig. 17.

2. STRONG VERSUS WEAK INTERACTION FORMULATIONS

In analysis of viscous transonic flows, it is necessary for the analytical model of the viscous

system to have the capability for allowing communication of positive pressure disturbance from

the e;nbedded shock wave upstream through the subsonic portion of the boundary layer. The

surface pressure should be calculated by the viscous equations rather than specified by the

inviscid system. The communication of the pressure disturbance through the viscous layer be-

comes possible because of the direct influence between the pressure and boundary layer thick-

ness in a subcritical boundary layer. At local supersonic speeds, a thickening subcritical
boundary layer produces a rise in pressure in the outer streal which causes further thickening

of the boundary layer. 59

The viscous system is linked to the inviscid system through a common variable by which

the change of flow properties of the outer flow may be transmitted to the inner flow or vice
versa. It reflects the physical phenomenon of the shock wavelboundary-layer interaction process
wherein there is a steep pressure rise belore the arrival of the shock wave because of the influence

exerted by the shock. This concept of the new viscous system has been explored in supersonic
flows by Klineherg and Lees 5 and Lees and Reeves7 3 and in transonic flows by Klineberg and
Steger,8 and Tai.10,15

The new system model is referred to as the strong interaction formulation. Other formula-
tions, such as the usual boundary-layer system hy which the viscous efTect is accounted for by
the displacement correction or analytical techniques which d1o not involve flow separation. are

referred to as the weak interaction. The strong interaction formulation may be applied to

attached, as well as separated, boundary layers. When applied to attached flows, the boundary
layer evClt ually separates. If t lie same flow werc to be rcated by the weak interaction system.
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nut.merical experiments indicate that the boundary layer would remain attached until shock jump
was encountered. This gives further indication that the strong interaction system is more suitable
in simulating the shock wave boundary-layer interaction process than are the usual boundary-
layer approaches. On the other hand, the use of weak interaction formulation is preferred in the
forward portion of the airfoil where the viscous-inviscid interaction is presumably weak.

3. CALCULATION OF WEAK INTERACTIONS

a. Boundary Layer Correction

As in tile usual procedure, the boundary-layer quantities are calculated based on tile speci-
tied inviscid pressure distribution, and the inviscid solution is updated based on the surface aug-
mented by the boundary-layer displacement thickness.* In so doing, the two flows are con-
nected at the locus of the boundary-layer displacement thickness. The latter serves as a "stream-
line" through which mass transfer or more importantly, direct communication between the outer
inviscid and inner boundary-layer flows is prohibited. The inviscid solution is then repeated
until a converged solution is obtained upon satisfying converging criterion after several iterations.

Existing transonic codes by Bauer et al.. 34 and Carlson 35 determine the viscous effects by
such a procedure. The Nash-Macdonald method 67 for turbulent boundary layers is used in both
codes (weak interaction in the laminar case is simply neglected). In the case of transonic cascade
flows, Gliebe coupled an inviscid flow solution by a finite-difference method and a viscous flow
solution by the Stratford-Beavers method.7 2 Fig. 18 shows typical results of the boundary-
layer effect on the blade of a cascade flow evaluated by Gliebe. 18

b. Analytical Method

Mason and lnger 14 have developed an analytical method for calculating the transonic
viscous-inviscid interaction involving a weak normal shock wave impinging on unseparated turbu-
lent boundary layers. The interaction field is considered as a multisubregion problem and the
resulting viscous transonic flow system is solved by the Fourier transformation method. The
theoretical model is valid for weak shock conditions with the Mach number ahead of the shock
not very near unity. The schematic of the model which is shown in Fig. 19 includes outer mixed
flow and inner rotational disturbance flow with a Lighthill sublayer.

c. Asymptotic Expansion Method

Melnik and Grossman, 13 on the other hand, formulated an asymptotic expansion method

for analyzing the interaction of a normal shock wave with an unseparated turbulent boundary

*Another way oif accounting for lhe boundary-layer effect is to determine an equivalent source distribution

a = d(t.8 *)/ds as suggested by lighthill.7
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layer oil a flat surface at transonic speeds. Tile interaction involves an outer, inviscid rotational

layer, a constant shear stress layer near the wall, and a blended layer between the two. Fig. 20

shows typical results of the asymptotic method compared with those of the Manson-Inger

scheme. 14

4. CALCULATION OF STRONG INTERACTIONS

a. Laminar Viscous-Inviscid Interaction

The calculation is illustrated by using the integral boundary layer method coupled with an
inviscid solution by the method of integral relations. 10 The coordinate system for the coupling

is shown in Fig. 21. The ordinary differential equations for the inviscid external flow, reduced

by the method of integral relations, are (for simplicity only those at the edge of the boundary
layer are written here)

dU e

dx
j-= fl (30Ibis

dVe

= f2  (31 bis

and those for the viscous system10 are

ds F 1  (50)bis

da
ds F, (51 )bis

! dMe

ds F 3  
152)bis

The viscous system is coupled directly to the inviscid system by the induced angle of invis-
cid streamline at the edge of the boundary layer

0 = s-I V e (invs-) ]O = in-I Mea. (Viscous) 1'7

j where Ve is calculated by tihe inviscid system. while the velocity magnitude M ae is obtained 1%

the viscous system. The variable 6 is a common variable for both inviscid and viscous svstlems

and, therefore, governs the viscous-inviscid interaction process. Since the two flows are coupled
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by the inviscid streamline angle rather than the streamline itself, mass transter between the outer

inviscid and inner boundary-layer flows is allowed in accordance with the continuity equations

by which the variable 9 is introduced in the viscous system

d i tanE + (6 - ("1 8nlPeUe8
ds ) ds1 p e

Fhe value of -, which is determined by the viscous-inviscid interaction, has a direct bearing on

the growth of the boundary layer.
The strong interaction system is applied at some distance preceding the inviscid shock loca-

tion. The exact initial location of the strong interaction region is determined by an iterative

process. 10

Results of calculations at supercritical freestream Mach numbers are presented for both a

6 percent circular arc and an NACA 0015 airfoil.

Fig. 22 gives the boundary-layer displacement thickness throughout a 6 percent circular

arc airfoil at M = 0.868 and Re = 6.9 x l04. The thickening of the boundary layer in the

forward portion follows a similar trend as that found by Schubauer, using the Karman-Polhausen

method 7 7 : however, the strong interaction calculation gives a far more realistic 6 distribution

pattern in the rear portion. The boundary layer is practically of the Blasius type (a = 1 .857) in

the leading-edge region and varies slightly throughout the forward portion of the airfoil. It re-

mains unseparated through the embedded supersonlic region although the viscous-inviscid inter-

action has been strong since x = 0.37. The separation point is found when a = 0 which corres-

ponds to zero shearing stress at the wall.

The boundary layer keeps separated over the rear of the airfoil where small adverse pressure

gradients are generated by continuous compression of the outer subsonic flow. This is a physical

feature of the transonic viscous-inviscid interaction since by compression, the flow ought to

return almost to the freestream value downstream. After leaving the trailing edge, the viscous

wake contains a reversed flow for a distance and then turns to torward low downstream. The

location of the rear stagnation point agrees well with that found by Klineberg and Stegers under

similar flow conditions.

Theoretical results of pressure distribution for the 6 percent circular arc airfoil compare

very well with recent laminar experimental data of Collins and Krupp7X as presented in Fig. 23.

not only in the pressure distribution but also in the separation point. The small difference in

freestream Mach number between theory and experiment was deliberately selected to offset

wind-tunnel interference effects.7 9 Fig. 23 also shows the inviscid isentropic and nonisentropic

solutions obtained by using the method of integral relations with three different shock condi-

tions. Note that the shock foot is smeared as a result of the strong viscous-inviscid interaction.

Ihe inviscid result with AS > 0 and 0 = 75 degrees simulates the flow best in the region near

tle shock however, it still deviates from the viscous data in the trailing edge. The difference is

obviously attributable to the thickening of the laminar boundary layer toward the trailing edge.
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On the other hand, comparisons between theory and experiment for the NASA 0015 air-

Ioil were jeopardized because of lack of available laminar test data. Measurements available for

this case were taken from Graham et al.8 0 at Reynolds numbers on the order of 2 x 106: the

flows were, therefore, turbulent. The calculated laminar result is in good agreement with the

experimental data in the forward portion of the airtoil: however, there is considerable dis-

crepancy in pressure near the trailing edge: see Fig. 24. The deviation may be attributed to tile

extended separation of tile laminar boundary layer, which would be unlikely to occur if" the

boundary layer were turbulent. Since the method of using reversed-flow velocity profile was

originally attempted for application to cases with small adverse pressure gradients8 1 , this dis-

crepancy also raised questions regarding the validity of its use in separated boundary layers with

strong adverse pressure gradients.

Finally, Fig. 25 shows the overall flowfield of the NACA 0015 airfoil at M. = 0.729,

oa = 4 degrees, and Re. = 0.145 x l0b, based on the chord length. 'File calculated boundary

layer is fairly thin because of tile high Reynolds number used. The separated boundary layer on

the lower side is thicker than that on the upper side because the latter is developed from a v'er

thin attached layer in an accelerating external flow prior to the shock wave. In any case, the

basic features of the transonic viscous-inviscid interaction are clearly seen. Tile compression

waves in the region near the shock are represented by the Mach lines. Being normal to tile edge

of the boundary layer, the Mach one line represents the end of a smearing shock toe rather than

the whole shock. The mechanism of' tile compression has been designated in the literature as

the "lambda shock . which serves as part of tile decelerating process of the flow over the rear of

the airfoil, where the laminar boundary layer does not have sufficient energy for reattachment

against continuous adverse pressure gradients and, therefore, remains separated all tile way to

* the trailing edge.

It is also interesting to note that the viscous-inviscid interaction process terminates the em-

bedded supersonic flow earlier than does the inviscid shock. The result is not surprising since the

interaction process has weakened the strength of the shock wave: in turn, it moves tile shock

forward.42,8, However, because of the change of the local velocity distribution, the height of

the supersonic pocket determined by the theory is slightly higher than that obtained by the

inviscid solution: it remains to be verified by appropriate experiment and other valid analysis.

The integral boundary layer method can also be coupled with a finite difference scheme

carried out by Klineberg and Steger.8 There the V. values were prescribed rather than calcu-

lated. Although the prescribed Ve values were improved successively, the viscous and inviscid

flows had to be treated separately even foi the strong interaction. More importantly. in the

indirect coupling as such, it would be difficult to allow direct communication, including tile mass

transfer, between the outer inviscid flow and the boundary layer flow.
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b. Turbulent Viscous-Inviscid Interaction

Because of the convenience for direct coupling of the outer inviscid and viscous flows, the

method of integral relation is used again for the inviscid solution in the illustration for calculating
the turbulent viscous-inviscid interaction. I The coordinate system and inviscid flow equations

'ire the same as for the laminar case: [qs. (30) and (31). Tihe equations for the viscous system

.ire derived by adding the continuity eq uation to the original Kuhn-Nielsen method.12 i.e.,

d (69)-I d r  
- .T= _ V' 19

0

Ille resulting viscous system is 15

F1I F12 13 d Q

d6 _

1(21 it.22  23  d - (70)

d ue
V31 E 32 1.33 d 3

where Fij and Qj are presented in Ref. 15. The system is valid for both attached and separated
lows.

Similar to the laminar analysis. 10 the viscous system is coupled directly to the inviscid sys-
tem by the induced angle of the inviscid streamline at the edge of the boundary layer, which
allows mass transfer between the two flows in accordance with the continuity equation. Eq. (69).
Tile strong interaction system is applied at some distance before the inviscid shock wave location.

As opposed to the laminar case. the flow angle at the edge of the boundary layer is adjusted.
The reason for the adjustment is that in the turbulent case. when the flow enters the strong
interaction zone. it turns away from the surface in response to a rapid separation bubble growth.
triggered from the toe of the shock : see Ref. 5. The boundary layer is attached at the start of
the strong interaction region, however, it usually separates in a short distance. Computation is
then switched to the subroutines based oil separated velocity profiles of the strong interaction

system.
Results of calculations at supercritical freestream Mach numbers arc presented for a 10-

percent thickness bti p and an NA(A 00 15 airfoil at an angle of attack. The htinp is basically
a 10-percent circular arc, faired with cosine curves at both ends. Fig. 2o gives the typical velocity

profile at different stations over the 10-percent thickness bump at M, = 0.7325 and Re_ = 1.75

x 106. The profile at x = 0.2 is the initial profile, calculated by using Schlichting's skin friction
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tormula based on a power law distribution. 3 Good comparison between the calculated and

available measured profihles ot Alber et a. ° at x = 0.5 and 0.X75 indicates the adeq liacy of t he

theoretical approach.

Fig. 27 shows the distribution of the friction velocity over the same bulllp. Note that the

friction velocity in the strong interaction region is calculated in the analysis, rather than pre-

scribed as in Ref. 12. The flow separates in a fairly short distance after it enters the strong inter-

action zone influenced by the shock. The friction velocity remains almost constant downstream

of the separation point and then increases gradually toward reattachment. The calculated pres-

sure distribution compares fairly well with recent turbulent experimental data of Alher et al. 6 6 as

presented in Fig. 28. Also plotted are tihe inviscid solutions obtained by using the method of

integral relations, with and without entropy change across the shock. The agreement between

theoretical and experimental results is good both for pressure distribution and separation point.

Note that the shock foot is smeared as a result of the strong viscous-Inviscid interaction. The

compression starts at x = 0.575 where the strong interaction begins. The turbulent boundary

layer is attached throughout the supersonic region and the strong interaction starts in front of

the shock wave. Flow separation takes place downstream of the shock wave at a peak Macth

number of I. 14. The trend is consistent with that found experimentally by Alber et al.t(' for

cases with NP < 1.32. The turbulent boundary layer reattaches downstream of the bump.

The difference between the theoretical and experimental pressures in the rear of the hLump is

attributed to the insufficient damping effect in the inner layer eddy viscosity model. There is

also reason to believe that it may be due to overprediction of the flow by the strong interaction

equations.

The flow over an NACA 0015 airfoil at M. = 0.729 and ce = 4 degrees has been investi-

gated as an example for the lifting case. This particular flow condition has been calculated in

the laminar analysis. 10 There the agreement between the laminar theory and the experiment

was good except in the rear of the airfoil, where the flow could have become turbulent. There-

fore, the turbulent viscous-inviscid interaction model is employed for flows in the rear portion

of the airfoil. The transition /one is assumed to be short enough so that the con tinnit. of'

boundary layer properties may be maintained. The corresponding initial turbulent shear velocil

is then estimated based on similar velocity profiles for both laminar and turbulent boundary

layers. The weak interaction system is used in actual computation after the strong interaction

formulation fails to produce a converged solution. Calculated results are given in Fig. 29 along

with the previous laminar solution t0 and the experimental data of Graham et al.80

As indicated in Fig. 29, the pressure values over the rear region of the airfoil calculated by

the present turbulent theory compare fairly well with the experimental data. Ref. 80. which were

measured at Reynolds numbers on the order oh 2 x 10( ' , The flow over the upper suirface has

undergone a strong viscous-inviscid interaction in the vicinity of the shock wave between x =

0.34 and 0.6, but it seems to have returned to a weak interaction process af'ter x = 0.06 even the

boundary layer is still separated thereafter. The boundary layer remains separated all the way to

the trailing edge. It follows a similar flow pattern to that observed by Pearcey et al.
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5. VISCOUS-INVISCID INTERACTION IN SEPARATED FLOW REGION

V 111101,11-l1 (Il' strongi. iiiteiC ti )l~ l iiiio ii 1 i1. 11s ii11 aiid iiC(CNSM.i fo II)! ii.-shock wave

Ii()I.ll it suitfers, a ptobleiii ot ICCiirac\ anllotiii La.11CIl Ntahilit\ iii the selarated tlor% regionI. I lie

Re'isOii tol this is, hbeed to be attributed to tlhe Imsi leatuire of thec strong intcrda'IO un Vtciil

that the pressure IN CLalenlated siiiiult1aneoulsly with thle houndary la~ er thuickniess. I he reCsults of0

tlie antirAl methlods arc tlherefore, mnuchli more sensitive to the velocity profiles Used for either

laminar or turlentII b1oundary Iai~cems. Aniy illiCILdqiicies inl %elocit \ profiles emnpjlO\'l edWill be

mnagniftied iii (lie strong imteractiOli Syste mu. aIS OppIosed to beCing suppressed inl the usual bounIdary

III aenleral, tlie ye hocit\ protiles tor separated tlow, are note- diff lIlt to dLIneII than for

attached b)OLIndIAr layers. InI file foregoing. laiiiiar ease, tic reverscd-IhIow profile was originally

at tempted for application to c:ases with smalll adverse pressure gradlients) 1t HNUse inl separated

boinda r ha ~ ers %ith strong adverse pressure gradime nts introdM.ced some dIiscre pan. IIIc i aree-

inent between tlhe thmeory and tlie experiment inl the trailing edge regionl1

II tlie case, of turbultiC ws, oil thme other hand, a numcal dit ficiilt is, CeIicOiitered inl

uisingi the strong interaction system. Very ti adjustmilent ot frictionl ehiocit \ LI_ .has to he made

for ach:Iieving thle covergenicc of' the flow downstreami Of tie separation point. see I A.30
IiL'.aulse of' (lie convergence probleni. it is proper to use., the " eak interact ion system (pressure

prescribed) rather than the strong interaction lOrmiolation necar and alt thel separation point.

These argUliCIn sug gest thait inl the separated HlOW reio111 a \%J eak iteract io s stem might
r ~~provide more reliable results than the strong interaction formuLlltion I hie p)oint of sWitChIFIne

f'rotu the strong to thle weak interact ion eq tia (ions hasI to be Iet erinlitiI b> numelrical

experiments.

V. APPLICATION TO CASCADE FLOWS

The flow Inl a cascade at t ramisonic speeds is hir more complex t11han tie steadNl , M~O-dintiC-

sional flow past an airloil inl tree air. A comprehensive review of (lie t1o inl transon.c coml-

pressors has been given by Kerrebrock.84 l'o appl\ file prev ious teChiiIIC1 10e toNLJ cacdeto\ N

in volving transon ic viscous-illviSCid interactions. assum ptitoins thIiat are necessai are i t h le Iflow

inl a cascade has axisynmietric streami surfaces and t hat (ilie flow onl thiese soortacesVI can be treated

two dimensionally. SuIch tlows very nearly exist inl cascades where flhe blide ficig it is, sinaI'l

cotmpared to lie raldius1 trotm thle cen terline o~f (lie cascade 1 lie ar caIlled qluasi t mo-di mumen-

sionail flows.X ['lie schematic of a qulasi twko-diliiiensioiial fIM lo li xs\iile i st1eiii sNI-

face is depic-ted ill [ig. 3 1 . I hie approxiinaio representsN all ItiCiAed sit1,111 iito1 1toC th0cin phex

unsteady, flow~ ill tralisoititi cotmpressors. It Is. ievert iehessN. uisefiut 101 tii,111.it1\ IMiisesfiL1otiot 01

(lie inifluen.c ot'various designi parameters,
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Tile governing equation for a quasi two-dimensional compressible inviscid flow in an

axisynimetric stream surf'ace represented by coordinates (t, 0 )is 5

Ia (ia-\ 1arp\ + Rl 3 ~ R
iR. 50 + RO) at p ) atIl at _cRp 71

wherer

=constant rotation of the cascade

R = distance measured f'roin the axis

hi = blade height

'Fhe stream function .'is defined by

alp

a= - phRU

The boundary conditions are (,=0 onl the blade surf'aces.

Eq. (7 1) canl be solved by tile finlite difference-relaxation method, similar to thle p~roceduare

employed in a two-dimensional potential flow about an1 airf'oil.

To f'acilitate calculating thle stronig Viscous-ill viscid interactions and to accounlt f'or thle non-

isentropic effect of time embedded shock, it was suggested in the foregoing discussions, that the

hybrid method is mostly suitable for thle p)urpose. That is. thle flow in the shock region is sol% Ci

by the met hod of' integral relations with thle initial and boundary cond it ion,, proN iLded h\ thle

finite difference-relaxation approach. 'To i mplemenmt thle met hod of' integral rela tions,. thle

governing eq uat ions for the quasi two-dimlenlsional channelI flowA, bet Men tilie CascdeI blade:

suirfaces are writ ten iii primnitive form as

Cotniya (pill a (pV) pt' (I (Rho
Cotiuiyat RaO Rhl Lit

a3 (p1.T + 11) a (PINV) pUK d (RtioVi I dR
atRoO Rh di R( d3i

0 -Momenlttuill 3 (IN + 0 p - + P)t PI d R) ptj
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I- itropv T=(±' exp(~~)(6

With di boundary condi tionl of' zcero norinlI velocity onl thle surnace. I qs. 73) t hrough (76)

can be solved 1)w thle Method of' integral relations1 withI tie aid (of' the N -2-st rip scheme.42 The

final soltition is achieved by Lipd ating soIlutions bet ween thle fin ite difference met hod f'or the

OVerall fIow aild tilie Met hod of* integral relations for thle shock region.

Thie inviscid solu.tiol 'SO obtainled iSconlvenienit to be coupled with either laminar or turbu-

lent viscous systems f'or strong in teraction between the shock wave and the boundary layer.

*\ weak inte ract ion foriulit ion should he applied tfOr coilveint ional b oundary layer regions.

inlluhding a separated flow zone downst ream of' thle shock wave.
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RADIAL DIRECTION

Figure 31 -Quasi Two-Dimensional Flow on Axisymmetric Stream Surface
* (illustration based on Ref. 85)
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